On the minimal degree of finite permutation groups

Yi Lin XIE

Abstract. Let Q be a non-empty finite set. For a permutation group G < Sym(2) and an element
x € G, the degree deg(z) of x is the number of elements moved by . The minimal degree of G, denoted
by ©(G), is the minimum among the degrees of the elements in G.

Babai |1] proved that, for a primitive permutation group G, either 2u(G) > \/@ — 1 or G contains
Alt(€2). Later, Liebeck and Saxl [3] improved this bound, showing that ;(G) > || unless G belongs to
a specific list of exceptions. Guralnick and Magaard [7] subsequently provided a detailed classification of
all primitive permutation groups G with u(G) < %|Q\ More recently, in a series of papers [2, 3, 4, 7],
Burness studied the fixed-point ratio 1 — || ~! deg(x) of prime-order elements. Building on these results,
Burness and Guralnick [6] further refined the bounds on the minimal degree by classifying all primitive
permutation groups G with p(G) < 2|

The inductive method of Guralnick—-Magaard and its application to various parabolic subgroups remain
excellent foundational material for studying classical groups and primitive actions, which is the focus of
the talk. As an example, we will demonstrate how to apply this method to L, (2), the projective special
linear group of degree n over the field with two elements.
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